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We study Lp-theory of second-order elliptic divergence-type operators with
measurable coefﬁcients. To this end, we introduce a new method of constructing
positive C0-semigroups on Lp associated with sesquilinear (not necessarily sectorial)
forms in L2. A precise condition ensuring that the elliptic operator is associated with
a quasi-contractive C0-semigroup on Lp is established. # 2002 Elsevier Science (USA)1. INTRODUCTION AND MAIN RESULTS
In this paper, we study the Lp-theory of second-order elliptic differential
operators on an open set O  RN ; N 2 N, corresponding to the formal
differential expression
L ¼ r  ðarÞ þ b1  r þr  b2 þ V ;
with singular measurable coefﬁcients a :O! RN  RN ; b1; b2 :O! R
N ;
V :O! R. The aim of the paper is to construct a quasi-contractive C0-
semigroup on Lp :¼ LpðOÞ, whose generator is associated with L in a
natural way which will be made precise. As is well known, this implies well-
posedness of the corresponding Cauchy problem.
Elliptic operators in divergence form with measurable coefﬁcients are
usually deﬁned by means of the form method. The form associated with the
above differential expression is
tðu; vÞ :¼ haru;rvi þ hru; b1vi  hb2u;rvi þ hVu; vi ð1:1Þ24
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Lp-THEORY OF C0-SEMIGROUPS, I 25on a suitable domain DðtÞ corresponding to the boundary conditions. (Here
and in the sequel, hf ; gi is deﬁned as
R
O f ðxÞ  %gðxÞ dx whenever f  %g 2 L1,
for f ; g :O! C or f ; g :O! CN measurable.)
The traditional way of constructing the corresponding C0-semigroup is
the following. If the form t is densely deﬁned, sectorial and closed then it is
associated with an m-sectorial operator A in L2 which generates a quasi-
contractive analytic semigroup eAt on L2 (cf. [4, Theorem VI.2.1]).
If jjeAtpL2\Lp jjLp!Lp4Me
opt for some p 2 ½1;1Þ, then the semigroup
extends to a semigroup Tp on Lp. In this case, we say that e
At extrapolates
to the semigroup Tp on Lp, which is consistent with e
At in the sense that
eAtpL2\Lp ¼ TpðtÞpL2\Lp for all t50. For p > 1, the semigroup Tp is always
strongly continuous, whereas for p ¼ 1 this is the case if, e.g., T1 is
positive or quasi-contractive (see [19]). The above approach was used
for constructing semigroups acting in all Lp; 14p51 (this case is
well documented, see, e.g., [3, 4]), as well as for constructing semigroups
acting in Lp only for p from some subinterval of ½1;1Þ containing 2;
see, e.g., [2, 6].
However, we do not assume t to be a sectorial form in L2; even its real
part need not be bounded below, so that the traditional approach is not
applicable. In the case b2 ¼ 0 and V ¼ 0, non-sectorial forms have been
studied in [5, 6] where the coefﬁcients of the ﬁrst-order terms of L are
approximated in such a way that the approximating forms become sectorial
in L2 and the corresponding semigroups converge to a C0-semigroup, in a
suitable Lp.
In this paper, we develop a new approach to the construction of a quasi-
contractive C0-semigroup associated with the form t, which even in L2 gives
rise to a C0-semigroup under assumptions when all known representation
theorems breakdown. Our approach is based upon approximations by
sectorial forms, however, not related to approximations of the coefﬁcients of
the ﬁrst-order terms.
Instead, we approximate the potential: we introduce a positive potential
U which ‘absorbs’ all the singularities of the lower-order terms of L in the
sense that, being added to t, it makes the sum sectorial in L2. The sequence
of the approximating semigroups Tm, which are associated with the sectorial
forms tm :¼ tþU  U ^ m ðm 2 NÞ, extrapolates to a suitable Lp and
strongly converges to a quasi-contractive C0-semigroup on Lp. The use of
the perturbation theory of positive semigroups developed in [17, 18] is
crucial for the realization of this idea.
The approach we present is, in fact, a general method of constructing
positive C0-semigroups on Lp corresponding to sesquilinear forms in L2 (see
Section 3 for details). In the context of Schro¨dinger operators with magnetic
ﬁelds, and dominated semigroups with singular complex potentials, a similar
approximation idea was used in [7, 12].
SOBOL AND VOGT26The result we obtain is sharp in the sense that, for a wide class of
coefﬁcients, the sufﬁcient condition (see estimate (1.3)) for the validity of
our main theorem becomes necessary (see Section 6 for details).
We make the following qualitative assumptions on the coefﬁcients of L.
(a) a 2 L1;loc; a is a.e. invertible with a1 2 L1;loc, and a is uniformly
sectorial, i.e.,
jIm z* azj4aRe z* az a:e: ðz 2 CN Þ
for some a50 (where z* is the transpose of %z). Let as :¼ aþa
>
2
. Then
tN ðu; vÞ :¼ haru;rvi; DðtN Þ :¼ fu 2 W 11;loc \ L2; ðruÞ * asru 2 L1g
deﬁnes a closed sectorial (non-symmetric) Dirichlet form in L2 (for the
closedness cf. [13, Theorem 3.2]). Let ta  tN be a Dirichlet form.
(bV) The potentials Wj :¼ b>j a
1
s bj ðj ¼ 1; 2Þ and jV j are ta-regular, i.e.,
DðtaÞ \ QðWjÞ and DðtaÞ \ QðjV jÞ are cores for ta. (For a potential U50;
QðUÞ :¼ fu 2 L2; U juj2 2 L1g denotes the domain of the form
UðuÞ ¼ hU juj2i in L2.)
We deﬁne the form t on DðtÞ :¼ DðtaÞ \ QðW1 þ W2 þ jV jÞ by (1.1). This
is possible since for u; v 2 DðtÞ and j ¼ 1; 2 we have, by the Cauchy–Schwarz
inequality,
jru  bj %vj ¼ ja1=2s ru  a
1=2
s bj %vj4ðasru  r %uÞ
1=2ðWj jvj
2Þ1=2 2 L1: ð1:2Þ
Furthermore, DðtÞ is dense in DðtaÞ as can be seen from Lemma 3.13. In
particular, t is densely deﬁned.
Although the form t itself need not be sectorial, the form tþ U with
domain DðtÞ \QðUÞ is sectorial and closed for all U5U0 :¼ W1 þ W2 þ
2V since the sum of the ﬁrst-order terms of t is form small with respect to
ta þW1 þW2 by (1.2).
The only quantitative condition we need is obtained from the Lumer–
Phillips theorem by a formal computation. Suppose t is associated with a
positive quasi-contractive C0-semigroup TpðtÞ ¼ eApt on Lp, for some
p 2 ½1;1Þ. Then Ap is quasi-accretive which by the positivity of Tp is
equivalent to hApu; up1i5 opjjujjpp in case p > 1, and to hA1ui5
o1jjujj1 in case p ¼ 1, for some op 2 R and all 04u 2 DðApÞ. Formally,
Apu ¼Lu; rup1 ¼ 2p0u
p=21rup=2, and ru ¼ 2
p
u1p=2rup=2. Thus,
hApu; up1i ¼hr  ðaruÞ þ b1  ru þr  ðb2uÞ þ Vu; up1i
¼ 4
pp0
harup=2;rup=2i þ hð2
p
b1  2p0b2Þu
p=2;rup=2i þ hVupi
Lp-THEORY OF C0-SEMIGROUPS, I 27in case p > 1 and, in case p ¼ 1,
hA1ui ¼hr  ðaruÞ þ b1  ru þr  ðb2uÞ þ Vui
¼ 2hru1=2; b1u1=2i þ hVui:
Now we deﬁne quadratic forms tp on DðtpÞ :¼ DðtÞ ð14p51Þ,
tpðuÞ :¼ 4pp0hasru;rui þ
2
p
hrjuj; b1juji  2p0hb2juj;rjuji þ hV juj
2i ðp > 1Þ;
t1ðuÞ :¼ 2hrjuj; b1juji þ hV juj2i:
Then the natural condition for Lp-accretivity is
tpðuÞ5 opjjujj22 ðu 2 DðtÞÞ; ð1:3Þ
i.e., tp is bounded. Note that t2 ¼ Re t (as to be expected), where the form
Re t is deﬁned by ðRe tÞðu; vÞ :¼ 12ðtðu; vÞ þ tðv; uÞÞ on DðRe tÞ :¼ DðtÞ.
The construction of the C0-semigroup on Lp, corresponding to the formal
differential expression L with boundary conditions prescribed by DðtaÞ, is
given in the following theorem, which constitutes a simpliﬁed version of the
main result of the paper, Theorem 4.2.
Theorem 1.1. Let assumptions (a) and (bV) be fulfilled. Let
U0 :¼ W1 þ W2 þ 2V, and let T0;2 be the C0-semigroup on L2 associated
with the form tþ U0. Let I be the set of all p 2 ½1;1Þ such that
op :¼ inffo 2 R; tp5 og51. Then the following assertions hold:
(i) The set I is an interval in ½1;1Þ, and T0;2 extrapolates to a C0-
semigroup T0;pðtÞ ¼ eA0;pt on Lp, for all p 2 I .
(ii) For all p 2 I , the sequence of C0-semigroups Tm;pðtÞ ¼ eðA0;pU0^mÞt
strongly converges in Lp to a C0-semigroup TpðtÞ ¼ eApt satisfying
jjTpðtÞjj4eopt. For p; q 2 I , the semigroups Tp and Tq are consistent.
(iii) For all p 2 I =f1g, the form tp is closable. For all u 2 DðApÞ we have
jujp=2 sgn u 2 DðtpÞ and
RehApu; ujujp2i5tpðjujp=2 sgn uÞ:
(iv) If, in addition, we assume that
jImhðb1 þ b2Þu;ruij4c1tpðuÞ þ c2jjujj22 ðu 2 DðtÞÞ
for some p 2 I˚; c150; c2 2 R, then Tp extends to a quasi-contractive analytic
semigroup on Lp and Ap is an m-sectorial operator in Lp, for all p 2 I˚.
SOBOL AND VOGT28We shall call Ap the m-accretive operator in Lp; Tp the quasi-contractive
C0-semigroup on Lp associated with the form t. The operator Ap is an Lp-
realization of L with boundary conditions prescribed by DðtaÞ.
Remark 1.2. (a) In fact, as it will be shown in the main body of the paper
(see Corollary 4.4), the semigroups Tp constructed in the theorem do not
depend on the approximating sequence of potentials. Furthermore, the
assertions hold with U0 replaced by any positive ta-regular potential U such
that tþ U is sectorial and closable in L2.
(b) The domain of ta determines the ‘boundary conditions’ under
consideration. The standard examples are the case of Neumann boundary
conditions ta ¼ tN and of Dirichlet boundary conditions
ta ¼ tD :¼ tNpC1c ðOÞ. Assumption (bV) expresses that the lower-order
perturbations must not disturb the boundary conditions prescribed by
DðtaÞ. In the case of Dirichlet boundary conditions, assumption (bV) is
fulﬁlled in particular if W1; W2; V 2 L1;loc.
Suppose that assumption (bV) is not fulﬁlled, but DðtÞ is dense in L2.
Let *ta :¼ tNpDðtÞ (note that *ta is a Dirichlet form). Then assumptions (a) and
(bV) are fulﬁlled with *ta in place of ta, so Theorem 4.2 is still applicable to
the form t.
(c) If the form t itself is sectorial then it is closable (see Lemma 3.5). In
this case we have 2 2 I ; A2 is the m-sectorial operator associated with %t and,
for f 2 L2, the function uðtÞ :¼ T2ðtÞf is the weak solution of the Cauchy
problem
ut ¼ Lu;
uð0Þ ¼ f
(
with boundary conditions prescribed by DðtÞ.
(d) Let us point out that the interval I given in Theorem 4.2 is a set of
p 2 ½1;1Þ for which the form t is associated with a quasi-contractive C0-
semigroup Tp on Lp ðI =f1g is the maximal set of such p 2 ð1;1Þ under the
conditions of Corollary 6.4). The set of all p 2 ½1;1Þ such that t is associated
with a C0-semigroup Tp on Lp can be strictly larger than I , see [8].
The remainder of the paper is organized as follows. In Section 2 we give a
brief account of Voigt’s perturbation theory for positive semigroups. In
Section 3 we show how to associate a positive C0-semigroup on LpðmÞ with a
sesquilinear form in L2ðmÞ. Section 4 contains the precise formulation of the
main theorem and some useful consequences of it. The proof of the main
theorem is given in Section 5. In Section 6 we discuss the sharpness of the
main result.
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BY REAL-VALUED POTENTIALS
In this section, we give a short survey of Voigt’s perturbation theory for
positive C0-semigroups developed in [17, 18].
Let ðO;mÞ be a measure space, 14p51. Let T be a positive C0-semigroup
on LpðmÞ, i.e., the semigroup operators TðtÞ ðt50Þ are positivity preserv-
ing. Let A be the generator of T and V :O! R a measurable
function. If V 2 L1ðmÞ then TV denotes the C0-semigroup generated by
ðA þ V Þ.
The deﬁnition of TV is extended to unbounded real-valued potentials by
approximating V by V ðnÞ :¼ ðV ^ nÞ _ ðnÞ and letting
TV ðtÞ :¼ s-lim
n!1
TV ðnÞ ðtÞ ðt50Þ ð2:1Þ
if the limits exist. Obviously, TV is a semigroup in this case. If V50 then
ðTV ðnÞ Þ is a monotone decreasing sequence, for V40 it is monotone
increasing. This leads to the following deﬁnition.
Definition 2.1 (Voigt [17, Deﬁnition 2.2; 18, Deﬁnitions 2.5, 3.1]).
(a) If V50 then the limit in (2.1) exists for all t50. If TV is strongly
continuous, V is called T-admissible. In this case, TV ðnÞ ! TV as n !1, i.e.,
TðtÞf ¼ limn!1 TV ðnÞ ðtÞf , uniformly for t in bounded subsets of ½0;1Þ, for
all f 2 Lp.
(b) If V40 then V is called T-admissible if the limit in (2.1) exists for
all t50 and deﬁnes a C0-semigroup. In this case, TV ðnÞ ! TV as n !1.
By Voigt [18, Proposition 2.2], V is T-admissible if and only if
sup04t41; n2N jjTV ðnÞ ðtÞjj51.
(c) If V50 and V is T-admissible then V is TV -admissible. If
T ¼ ðTV ÞV , then V is called T-regular.
The following result expresses, roughly speaking, that negative admissible
potentials are always regular.
Lemma 2.2 (cf. Voigt [18, Theorem 2.6, Proposition 3.3(b)]). Let V50
be measurable. If V is T-admissible, then ðTV ÞV ¼ T , and V is T-regular.
Lemma 2.3 (Voigt [17, Proposition 3.1]). Let p; q 2 ½1;1Þ; Tp; Tq con-
sistent positive C0-semigroups on LpðmÞ; LqðmÞ, respectively, V50 measurable.
(a) ðTpÞV and ðTqÞV are consistent, and V is Tp-admissible if and only if
V is Tq-admissible.
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consistent.
(c) V is Tp-regular if and only if V is Tq-regular.
We conclude the section with the following approximation result which
we will use in Section 4 to show that the semigroup constructed in [6,
Theorem 6] coincides with the semigroup constructed in Theorem 1.1.
Proposition 2.4. Let p 2 ð1;1Þ. Let Tn ðn 2 N[ f1gÞ be positive C0-
semigroups on LpðmÞ with Tn ! T1. Let 04V 2 ðL1 þ L1ÞðmÞ such that V
is Tn-admissible ðn 2 N[ f1gÞ, and
jjðTnÞV ðtÞjjp!p4e
ot; jjðTnÞV ðtÞjj1!14Ce
ot ðn 2 N; t50Þ;
for some o 2 R; C51. Then ðTnÞV ! ðT1ÞV .
The crucial idea of the proof is to make use of the following result which
gives an explicit rate of the convergence TV^n ! TV .
Lemma 2.5. Let p 2 ð1;1Þ; T be a positive C0-semigroup on LpðmÞ, and
04V 2 ðL1 þ L1ÞðmÞ such that V is T-admissible, and TV is contractive in
LpðmÞ and bounded in L1ðmÞ. Let A be the generator of T ;  AV the
generator of TV . Then
jjðlþ AV Þ
1f  ðlþ A  V ^ nÞ1f jjp4Cl
11=pjjðV  nÞþjj1=p1 jjf jj1
for all 04f 2 ðLp \ L1ÞðmÞ; l > 0 and n 2 N such that ðV  nÞ
þ 2 L1ðmÞ,
where C is the L1-bound of TV .
Proof. Let f ; l; n be given. For m 2 N let Vm :¼ V ^ m. Then
um :¼ ðlþ A VmÞ
1f " u :¼ ðlþ AV Þ
1f as m !1;
and jjujj14
C
l jjf jj1. For m 2 N we have
ðlþ A  VmÞ
1 ðlþ A VnÞ
1¼ ðlþ A VmÞ
1ðVm VnÞðlþ A VnÞ
1
and therefore ðlþ A  VmÞðum  unÞ ¼ ðVm  VnÞun. The contractivity of
TV implies that A  Vm is accretive, so we obtain, for m5n,
ljjum  unjjpp4 hðlþ A  VmÞðum  unÞ; ðum  unÞ
p1i
¼hðVm  VnÞun; ðum  unÞ
p1i
4 hðV  VnÞupi4jjðV  nÞ
þjj1jjujj
p
1:
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p1jjðV  nÞþjj1ðCjjf jj1Þ
p, and m !1
completes the proof. ]
Proof of Proposition 2.4. Without restriction assume o ¼ 0. Let An;
ðAnÞV be the generators of Tn; ðTnÞV , respectively. By the assumption,
An ! A1 in the strong resolvent sense as n !1. So An  V ^ m !
A1  V ^ m in the strong resolvent sense as n !1, for all m 2 N. By
Lemma 2.5 we know that An  V ^ m ! ðAnÞV in the strong resolvent
sense as m !1, uniformly in n 2 N. Since A1  V ^ m ! ðA1ÞV in the
strong resolvent sense, this yields the desired conclusion. ]
3. THE FIRST BEURLING–DENY CRITERION FOR
SESQUILINEAR FORMS
It is well known that with every densely deﬁned closed sectorial form in a
Hilbert space H one can associate an analytic semigroup on H. In this
section, we are going to present a procedure how to associate a positive C0-
semigroup on LpðmÞ with a sesquilinear form in L2ðmÞ fulﬁlling the ﬁrst
Beurling–Deny criterion (ðO;mÞ a measure space), even in cases when the
form is not bounded.
Definition 3.1. Let t be a sesquilinear form in L2ðmÞ.
(a) t is called real if Re u 2 DðtÞ for all u 2 DðtÞ, and tðu; vÞ 2 R for all
real-valued u; v 2 DðtÞ.
(b) t is said to fulfill the first Beurling–Deny criterion if t is real and
uþ 2 DðtÞ; tðuþ; uÞ40 for all real-valued u 2 DðtÞ.
Note that, if t fulﬁlls the ﬁrst Beurling–Deny criterion then so does Re t.
The following proposition, due to Ouhabaz [11, Proposition 2.2, Theorem
2.4], shows the relevance of these two notions.
Proposition 3.2. Let t be a densely defined closed sectorial form in
L2ðmÞ; T the associated analytic semigroup on L2ðmÞ. Then T is real (i.e., all
semigroup operators are reality preserving) if and only if t is real, and T is
positive if and only if t fulfills the first Beurling–Deny criterion.
The next lemma states that it sufﬁces to verify the conditions of Deﬁnition
3.1 on a form core.
Lemma 3.3. Let t be a closable sectorial form. If t fulfills the first
Beurling–Deny criterion then so does %t.
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tðRe uÞ4tðRe uÞ þ tðIm uÞ ¼ Re tðuÞ ðu 2 DðtÞÞ
since t is real. From this we easily deduce: if u 2 Dð%tÞ; ðunÞ  DðtÞ with
un ! u in Dð%tÞ, then Re u 2 Dð%tÞ and Re un ! Re u in Dð%tÞ. By the latter we
show that %tðu; vÞ 2 R for all real-valued u; v 2 Dð%tÞ, i.e., %t is real.
From the above it follows that the set of all real-valued elements of DðtÞ is
dense in the set of all real-valued elements of Dð%tÞ. Now, for real-valued
u 2 DðtÞ, we have %tðuþ; u  uþÞ ¼ %tðuþ; uÞ50 and %tðu  uþ; uþÞ ¼
%tððuÞþ; ðuÞÞ50. Thus, we can apply [9, Lemma I.4.9] to conclude
that uþ 2 Dð%tÞ; %tðuþ; uÞ40 for all real-valued u 2 Dð%tÞ. ]
For the remainder of this section, let t be a densely deﬁned sesquilinear
form in L2ðmÞ fulﬁlling the ﬁrst Beurling–Deny criterion. The next result
characterizes admissibility of potentials via form conditions, in the case of
symmetric forms.
Proposition 3.4 (cf. Voigt [17, Propositions 5.7 and 5.8(a)]). Let t be
symmetric and closed, T the associated positive C0-semigroup on
L2ðmÞ; V :O! ½0;1Þ measurable.
(a) The potential V is T-admissible if and only if tþ V is densely
defined, and TV is associated with tþ V in this case.
(b) The potential V is T-admissible if and only if V4tþ o for some
o 2 R. In this case, t V is closable and TV .
Proof. All the assertions of the proposition, except for the closability of
t V , are shown in [17]. There the proof is given for the case of the
diffusion semigroup on RN only, but literally the same proof carries over to
the general case. The closability of t V is due to Manavi [10, Proposition
12.1.7]; we present his argument here.
Note that TV is a symmetric C0-semigroup. Let *t be the densely deﬁned,
closed symmetric form in L2ðmÞ associated with TV . By part (a) of the
proposition, ðTV ÞV ¼ T is associated with both *tþ V and t, taking into
account Lemma 2.2 and the deﬁnition of T . Hence *tþ V ¼ t. Since
QðV Þ  DðtÞ, this implies that *t  t V , i.e., t V has a closed
extension. ]
Proposition 3.4(a) is valid even for sectorial forms, see [10, Kor.
12.1.4(a)].
It is clear that a sesquilinear form t fulﬁlls the ﬁrst Beurling–Deny
criterion if and only if the same holds for tþ V , for some measurable
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for closability. It is a direct consequence of Proposition 3.4(b).
Corollary 3.5 (cf. Manavi [10, Kor. 12.1.14]). Let t be sectorial. Then
t is closable if and only if tþ V is closable for some measurable function V50
with QðV Þ  DðtÞ.
Proof. Without restriction t is symmetric. Let V50 be measurable with
QðV Þ  DðtÞ. If t is closable then it is clear that tþ V is closable. If tþ V is
closable then V4tþ V þ o for some o 2 R. Proposition 3.4(b) implies that
tþ V  V is closable. Thus, t is closable since tþ V  V . ]
Definition 3.6. Let t be sectorial and closable, V50 measurable. We
say that V is t-regular if Dðtþ V Þ is a core for t, i.e., DðtÞ \ QðV Þ is dense in
DðtÞ.
Remark 3.7. (a) For example, V 2 ðL1 þ L1ÞðmÞ is t-regular if t is a
Dirichlet form, since DðtÞ \ L1ðmÞ  QðV Þ is a core for t.
(b) Obviously, if V is t-regular then V is %t-regular, but the converse
is not true in general (Dðtþ V Þ may be f0g although V is %t-regular,
see [15]).
The following lemma states, in particular, that form regularity implies
semigroup regularity.
Lemma 3.8. Let t be sectorial and closable, T the positive C0-semigroup
associated with %t; V50 t-regular. Then V is T-regular, and TV is associated
with tþ V .
Proof. Note that, by Lemma 3.3, tþ V fulﬁlls the ﬁrst Beurling–Deny
criterion. Let T1 be the positive C0-semigroups associated with tþ V .
Since Dðtþ V Þ is a core for %t and ðtþ V  V ^ nÞðuÞ ! %tðuÞ for all
u 2 Dðtþ V Þ, we can use [4, Theorem VIII.3.6] to obtain ðT1ÞV^n ! T .
Thus, V is T1-admissible, and ðT1ÞV ¼ T . Lemma 2.2 implies that
V is T1-regular and that T1 ¼ TV . The latter shows the second
assertion, and V is regular with respect to T ¼ ðT1ÞV by Voigt [18,
Proposition 3.4(a)]. ]
In [10, Kor. 12.1.4(b)] it is shown that form regularity and semigroup
regularity are actually equivalent, but we do not need this fact here.
Now we are ready to formulate the main result of this section. It is
fundamental for Section 4.
SOBOL AND VOGT34Proposition 3.9. Let U50 be measurable, QðUÞ  DðtÞ; tþ U secto-
rial and closable, TU ;2 the positive C0-semigroup associated with tþU . Let
V50 be ðtþUÞ-regular, tþ V sectorial and closable, TV ;2 the positive C0-
semigroup associated with tþ V . Let p 2 ½1;1Þ.
Assume that TU ;2 extrapolates to a positive C0-semigroup TU ;p on LpðmÞ and
that U is TU ;p-admissible. Then the same holds with V in place of U ; V is
ðTU ;pÞU -regular, and ðTU ;pÞU ¼ ðTV ;pÞV .
Proof. Let Tp :¼ ðTU ;pÞU . It sufﬁces to show that V is TU ;p-regular and
that TV ;2; ðTpÞV are consistent: then V is Tp-regular by Voigt [18,
Proposition 3.4(a)] and thus ðTU ;pÞU ¼ ððTpÞV ÞV .
The potential U is ðtþ V Þ-regular since QðUÞ  Dðtþ V Þ, and V is
ðtþUÞ-regular by the assumptions. Lemma 3.8 implies that both ðTV ;2ÞU
and ðTU ;2ÞV are associated with ðtþ V Þ þ U ¼ ðtþ UÞ þ V and that U is
TV ;2-regular. Therefore,
TV ;2 ¼ ððTV ;2ÞU ÞU ¼ ððTU ;2ÞV ÞU :
Moreover, V is TU ;2-regular and hence TU ;p-regular by Lemma 2.3(c). Since
U is TU ;p-admissible we obtain by Voigt [18, Theorem 2.6] that
ðTpÞV ¼ ððTU ;pÞU ÞV ¼ ððTU ;pÞV ÞU :
Now we combine the above two equalities and conclude by Lemma 2.3(a)
and (b) that TV ;2 and ðTpÞV are consistent. ]
Proposition 3.9 leads to the following deﬁnition. Recall that t is a densely
deﬁned sesquilinear form fulﬁlling the ﬁrst Beurling–Deny criterion.
Definition 3.10. Let p 2 ½1;1Þ. We say that t is associated with a
positive C0-semigroup Tp on LpðmÞ; t$ Tp on LpðmÞ for short, if the
following holds:
There exists U50 with QðUÞ  DðtÞ such that tþ U is sectorial and
closable, the positive C0-semigroup TU ;2 on L2ðmÞ associated with tþ U
extrapolates to a C0-semigroup TU ;p on LpðmÞ; U is TU ;p-admissible, and
Tp ¼ ðTU ;pÞU .
According to Proposition 3.9, the semigroup Tp is uniquely determined by
the form t. If t itself is sectorial and closable, we can choose U ¼ 0. In this
case T2ðtÞ ¼ eAt where A is the m-sectorial operator associated with t by
the ﬁrst representation theorem (see [4, Theorem VI.2.1]).
The following result is a generalization of Lemma 3.8.
Lp-THEORY OF C0-SEMIGROUPS, I 35Proposition 3.11. Let p 2 ½1;1Þ and assume that t is associated with a
positive C0-semigroup Tp on LpðmÞ. Let U50 with QðUÞ  DðtÞ be such that
tþ U is sectorial and closable. If V50 is ðtþUÞ-regular then V is Tp-
regular, and tþ V $ ðTpÞV .
Proof. First assume that V5U . Then tþ V is a closable sectorial form.
Let TV ;2 be the C0-semigroup associated with tþ V . By Proposition 3.9 we
obtain that TV ;2 extrapolates to a C0-semigroup TV ;p on Lp; ðTV ;pÞV ¼ Tp,
and V is Tp-regular. Lemma 2.2 implies that TV ;p ¼ ðTpÞV , i.e.,
tþ V $ ðTpÞV .
In the general case we apply the above argument to U þ V in place of V .
We conclude that ðtþ V Þ þ U $ ðTpÞUþV and that U þ V is Tp-regular.
Thus, V is Tp-regular, by Voigt [18, Proposition 3.3(a)]. Moreover, U is
admissible with respect to ðTpÞUþV and ððTpÞUþV ÞU ¼ ðTpÞV , by Voigt [18,
Theorem 3.4]. Hence tþ V $ ðTpÞV . ]
Given t, we consider the adjoint form t* which is deﬁned by
t* ðu; vÞ :¼ tðv; uÞ on Dðt* Þ :¼ DðtÞ:
Proposition 3.12. Let p 2 ð1;1Þ and assume that t is associated with a
positive C0-semigroup Tp on LpðmÞ. Then the form t* is associated with the
adjoint semigroup T *p on Lp0 ðmÞ.
Note that, since Tp is a real semigroup, it makes no difference whether the
adjoint semigroup is taken with respect to the bilinear or with respect to the
sesquilinear duality bracket.
Proof of Proposition 3.12. Let U50 with QðUÞ  DðtÞ such that tþ U
is sectorial and closable, the positive C0-semigroup TU ;2 on L2ðmÞ associated
with tþ U extrapolates to a C0-semigroup TU ;p on LpðmÞ;  U is TU ;p-
admissible, and Tp ¼ ðTU ;pÞU .
It is easy to see that t* þU is closable, fulﬁlls the ﬁrst Beurling–Deny
criterion, and that t* þ U ¼ ðtþUÞ* . Thus, t* þ U is associated with the
positive C0-semigroup T
*
U ;2 which in turn extrapolates to the semigroup T
*
U ;p
on Lp0 ðmÞ. Moreover, ððT *U ;pÞU^nÞn2N is an increasing sequence of
semigroups, and
ðT *U ;pÞU^n ¼ ððTU ;pÞU^nÞ* ! T
*
p weakly as n !1
since ðTU ;pÞU^n ! Tp. We deduce that ðT
*
U ;pÞU^n ! T
*
p strongly as
n !1. Hence, U is T *U ;p-admissible and ðT
*
U ;pÞU ¼ T
*
p , i.e., t* is
associated with T *p . ]
SOBOL AND VOGT36We conclude the section by a result needed for applications of Proposition
3.9.
Lemma 3.13. Let t be sectorial and closable, U ; V50 measurable.
Assume that U is t-regular. Then V is t-regular if and only if V is ðtþUÞ-
regular. As a consequence, U þ V is t-regular if U ; V are t-regular.
Proof. Let V be ðtþUÞ-regular. Then Dððtþ UÞ þ V Þ is a core for
tþ U and hence a core for t. Therefore, Dðtþ V Þ is a core for t, i.e., V is t-
regular.
Conversely, assume that V is t-regular. Without restriction, t is
symmetric and t50. Let 04u 2 Dðtþ UÞ. There exists ðunÞ  Dðtþ V Þ
such that un ! u in DðtÞ as n !1. Let vn :¼ ðRe unÞ
þ. Since t
fulﬁlls the ﬁrst Beurling–Deny criterion we have lim supn!1 tðvnÞ4
limn!1 tðunÞ ¼ tðuÞ. The lower semicontinuity of t implies that vn ! u in
DðtÞ as n !1. Moreover, tððu  vnÞ
þÞ4tðu  vnÞ ! 0 and thus u ^ vn ¼
u  ðu  vnÞ
þ ! u in DðtÞ as n !1. Finally, u ^ vn ! u in QðUÞ by
Lebesgue’s dominated convergence theorem. We infer that Dððtþ UÞ þ
V Þ ] u ^ vn ! u in Dðtþ UÞ. This shows that DððtþUÞ þ V Þ is a core for
tþ U . ]
4. Lp-PROPERTIES OF ELLIPTIC DIFFERENTIAL OPERATORS
In this section, we formulate the main result of the paper and deduce some
corollaries. We refer to Section 1 for the notation.
Recall that the form t is deﬁned on DðtÞ :¼ DðtaÞ \ QðW1 þW2 þ jV jÞ by
(1.1). Since ta is a Dirichlet form, (Re uÞ
þ 2 DðtÞ for all u 2 DðtÞ. Therefore,
t fulﬁlls the ﬁrst Beurling–Deny criterion (we actually have tðuþ; uÞ ¼ 0 for
all real-valued u 2 DðtÞ, and tðu; vÞ 2 R for all real-valued u; v 2 DðtÞ.)
Further, DðtÞ is a core for ta by Lemma 3.13, in particular, t is densely
deﬁned.
The forms tp play a crucial role in all our results on elliptic operators. We
will also make use of the symmetric form t1 deﬁned by
t1ðuÞ :¼ 2hrjuj; b2juji þ hV juj2i; Dðt1Þ :¼ DðtÞ:
In the following proposition, we collect several simple properties of the
forms t and tp which are important for the understanding of the subsequent
results.
Lp-THEORY OF C0-SEMIGROUPS, I 37Proposition 4.1. Assume that (a) and (bV) hold. Let I be the set of all
p 2 ½1;1Þ such that op :¼ inffo 2 R; tp5 og51 (then tp5 op for all
p 2 I).
(a) For all potentials U5W1 þ W2 þ 2V, the form tþU is sectorial
and closed. For all 15p51 and U5p0W1 þ pW2 þ 2V, the symmetric
form tp þ U is non-negative and closed. In particular, tp is closable for all
p 2 I =f1g.
(b) The set I is an interval and, for all p 2 I˚, there exist ep > 0; cp 2 R
such that tp5ep Re ta  cp. If, for some 14p05p5p141, we have tpj5
opj ðj ¼ 0; 1Þ then we can choose ep ¼ 4ð
1
p0
 1
p
Þð1
p
 1
p1
Þ; cp ¼ yop0þ
ð1 yÞop1 , with y ¼
p1
0
p1
p1
0
p1
1
.
(c) For all p; q 2 I˚, the norms on the Hilbert spaces DðtpÞ and DðtqÞ are
equivalent.
Proof. (a) From (1.2) we deduce by Euclid’s inequality ðjabj4e
2
a2 þ 1
2eb
2
for all a; b 2 R; e > 0) that the sum of the ﬁrst-order terms of t is form small
with respect to ta þ W1 þ W2. Thus, tþU is a closed sectorial form for any
potential U5W1 þW2 þ 2V. The same argument works for tp if
15p51. By Corollary 3.5 we obtain that tp is closable if it is bounded.
The proof of (b) and (c) relies on the following identity which results
directly from the deﬁnition of the forms tp: for all p0; p1 2 I ; y 2 ð0; 1Þ and py
deﬁned by 1
py
¼ 1y
py
þ y
p1
we have
tpy ¼ ð1 yÞtp0 þ ytp1 þ 4
1
pyp
0
y

1 y
p0p
0
0

y
p1p
0
1
 
Re ta: ð4:1Þ
In order to prove (b), it now sufﬁces to show that
1
pyp
0
y

1 y
p0p
0
0

y
p1p
0
1
¼
1
p0y

1
p00
 
1
py

1
p1
 
¼
1
p0

1
py
 
1
py

1
p1
  
;
which in turn follows from the equality
1
pyp
0
0
þ
1
p0yp1
¼
1 y
p0
þ
y
p1
 
1
p00
þ
1 y
p00
þ
y
p01
 
1
p1
¼
1 y
p0p
0
0
þ
y
p1p
0
1
þ
1
p00p1
:
(c) By (4.1) we have tpy5ð1 yÞtp0 þ ytp1 . We deduce that, for all p; q 2 I˚,
there exist e > 0; o 2 R such that tp5etq  o and tq5etp  o. ]
SOBOL AND VOGT38The form t itself need not be sectorial. In fact, Theorem 4.2 includes cases
where t is not even bounded from the left. However, the form tþW1 þ
W2 þ 2V is sectorial and closed by Proposition 4.1(a). This enables us to
make use of Deﬁnition 3.10 in the main result of the paper which reads as
follows.
Theorem 4.2. Assume that (a) and (bV) hold. Let I be the interval of all
p 2 ½1;1Þ such that op :¼ inffo 2 R; tp5 og51. Then t is associated
with a consistent family of positive C0-semigroups Tp on Lp with jjTpðtÞjj4eopt
for all p 2 I ; t50.
Let Ap be the generator of Tp ðp 2 IÞ. Then, for all p 2 I =f1g and u 2
DðApÞ we have vp :¼ ujuj
p=21 ¼ jujp=2 sgn u 2 DðtpÞ and
RehApu; ujuj
p2i5tpðvpÞ: ð4:2Þ
If, in addition,
jImhðb1 þ b2Þu;ruij4c1tpðuÞ þ c2jjujj22 ðu 2 DðtÞÞ ð4:3Þ
for some p 2 I˚; c150; c2 2 R then Ap is an m-sectorial operator for all p 2 I˚,
in particular, Tp extends to an analytic semigroup on Lp.
The proof of the theorem is delegated to Section 5.
Remark 4.3. (a) We point out that the case I ¼ f1g is quite possible. By
deﬁnition, 1 2 I if t15 o for some o 2 R. Note that the coefﬁcient b2 is
not involved in this condition. In particular, if (a) holds, b1 ¼ 0 and V50
then t is associated with a positive contractive C0-semigroup on L1,
whenever b>2 a
1
s b2 is ta-regular.
(b) For the case p ¼ 1 we obtain the following by considering the
adjoint picture in L1. If t15 o1 for some o1 2 R then we can associate a
weak* -continuous quasi-contractive semigroup T1 on L1 with the form t.
Observe that the condition on t1 imposes no additional restriction on b1.
(c) Lemma 4.1(b) demonstrates the relevance of inequality (4.2):
Assume that the domain of ta admits Sobolev imbedding, i.e., DðtaÞ  L2j
for some j > 1. Then it is easy to show that, for all p 2 I˚,
jjðlþ ApÞ
1jjp!pj4cpðl opÞ
1=p ðl > opÞ:
In [6], an inequality similar to (4.2) was proved only for jujp=2 in place of
jujp=2 sgn u.
Corollary 4.4. Let the assumptions and notation be as in Theorem 4.2,
p 2 I . Let ðUnÞn2N0 be a sequence of positive potentials such that U0 is
Lp-THEORY OF C0-SEMIGROUPS, I 39ta-regular, Un4U0; tþUn is sectorial ðn 2 NÞ and Un ! 0 a.e. ðn !1Þ.
Then tþUn is closable, the analytic semigroup TUn;2 associated with tþ Un
extrapolates to a C0-semigroup TUn;p on Lp, and TUn;p ¼ ðTpÞUn ! Tp as
n !1.
Proof. Let W :¼ W1 þW2 þ 2V. Then tþ W is a closed sectorial
form, by Proposition 4.1(a). Since tþ Un þW is closed, the form tþ Un is
closable by Lemma 3.5. By Lemma 3.13, Un is ðta þ W Þ-regular and hence
ðtþW Þ-regular. By Proposition 3.11, Un is Tp-regular and tþ Un $ ðTpÞUn ,
i.e., TUn;2 and ðTpÞUn are consistent. Now, by Voigt [18, Corollary 3.6] we
conclude that ðTpÞUn ! Tp as n !1 since U0 is Tp-regular. ]
As a direct consequence of Theorem 4.2 we obtain a more explicit version
of that theorem.
Corollary 4.5. Let Vþ; V50 be ta-regular with Vþ  V ¼ V , and
tþ :¼ Re ta þ Vþ. Assume that (a) and (bV) hold and that
ð1Þjhbju;rui4bjtþðuÞ þ Bj jjujj
2
2; hV u
2i4gtþðuÞ þ Gjjujj22
ð04u 2 DðtÞ \ QðVþÞ; j ¼ 1; 2Þ for some constants b1; b2; g50;
B1; B2; G 2 R. Let I0 :¼ fp 2 ½1;1Þ; 4pp0 
2
p
b1 
2
p0
b2  g50g. Then, with the
notation of Theorem 4.2, I  I0, and op42pB1 þ
2
p0
B2 þ G for all p 2 I0.
Moreover, for all p 2 I˚0 and u 2 DðApÞ we have vp :¼ juj
p=2 sgn u 2 DðtþÞ and
RehApu; ujujp2i5
4
pp0

2
p
b1 
2
p0
b2  g
 
tþðvpÞ

2
p
B1 þ
2
p0
B2 þ G
 
jjujjpp:
If, in addition,
jImhðb1 þ b2Þu;ruij4c1tþðuÞ þ c2jjujj22 ðu 2 DðtÞ \ QðVþÞÞ
for some c150, c2 2 R then Tp extends to an analytic semigroup on Lp for all
p 2 I˚.
Proof. Since tþðjujÞ4tþðuÞ for all u 2 DðtþÞ, and 15 4pp0, the assumptions
imply that
tpðuÞ ¼
4
pp0
Re taðuÞ þ hVþjuj2i  
2
p
hb1juj;rjuji
 

2
p0
hb2juj;rjuji  hV juj
2i
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4
pp0

2
p
b1 
2
p0
b2  g
 
tþðuÞ

2
p
B1 þ
2
p0
B2 þ G
 
jjujj22
for all p 2 ½1;1Þ, u 2 DðtÞ \ QðVþÞ. Let W :¼ W1 þW2 þ jV j. Then tp is a
bounded form on Dðta þ W Þ. Since Vþ is ðta þW Þ-regular by Lemma 3.13,
we deduce that tp5 ð2pB1 þ
2
p0
B2 þ GÞ for all p 2 I0. Thus, Theorem 4.2
implies the ﬁrst two assertions. In order to obtain the remaining assertions,
note that the above also implies that
tp5
4
pp0

2
p
b1 
2
p0
b2  g
 
tþ 
2
p
B1 þ
2
p0
B2 þ G
 
for all p 2 I˚0. ]
For the remainder of the section, we are concerned with the case b2 ¼ 0,
V50,
hru; b1ui4ðbta þ V þ oÞðuÞ ð04u 2 DðtÞÞ
for some b52, o 2 R, Then t is associated with a consistent family of
positive C0-semigroups Tp on Lp, p5 22b, by Theorem 4.2. The semigroups
are L1-contractive, by Remark 4.3(b).
In Corollary 4.4, we have shown that convergence of potentials implies
strong convergence of the corresponding semigroups. Here we discuss
approximation of the ﬁrst-order terms. For n 2 N[ f1g, let bn :O! R
N be
measurable and deﬁne tn by
tnðu; vÞ :¼ taðu; vÞ þ hru; bnvi þ hVu; vi
on DðtnÞ :¼ DðtaÞ \ Qðb>n a
1
s bn þ V Þ.
Proposition 4.6. Let (a) hold and assume that bn ! b1 a.e., V is ta-
regular, and there exist 05b52, o 2 R, 04U0 2 L1 þ L1 such that, for all
n 2 N[ f1g, we have b>n a
1
s bn4U0 and
hru; bnui4ðbta þ V þ oÞðuÞ ð04u 2 DðtnÞÞ:
Then, for all p5 2
2b, tn $ T
ðnÞ
p on Lp ðn 2 N[ f1gÞ, and T
ðnÞ
p ! T
ð1Þ
p as
n !1.
For the proof of the proposition, we need the following elementary form
convergence result which was proved in [16, Theorem A.1] for symmetric
forms.
Lp-THEORY OF C0-SEMIGROUPS, I 41Lemma 4.7. For n 2 N[ f1g, let tn be a closed sectorial form in a
Hilbert space H, and An the associated m-sectorial operator. Assume that, for
some closed symmetric form h51 in H, and some c51;o 2 R we have
1
c
h4Re tn þ o4ch ðn 2 N[ f1gÞ
and
sup
hðvÞ41
jðt1  tnÞðu; vÞj ! 0 as n !1 ðu 2 DðhÞÞ:
Then An ! A1 in the strong resolvent sense.
Proof. Without restriction assume that o ¼ 0. For all f ; g 2 H,
hA1n f  A
1
1 f ; gi ¼ ðt1  tnÞðA
1
1 f ; ðA
*
n Þ1gÞ:
For all g 2 H, n 2 N we have hððA*n Þ1gÞ4cRe tnððA*n Þ
1gÞ4c2jjgjj2 since
jjðA*n Þ1jj4c. Hence
jjA1n f  A
1
1 f jj ¼ sup
jjgjj41
jhA1n f  A
1
1 f ; gij
4 sup
hðvÞ4c2
jðt1  tnÞðA11 f ; vÞj ! 0: ]
Proof of Proposition 4.6. Let q 2 ð1; 22bÞ, U :¼ q
0U0. Then tq þU is non-
negative, by Proposition 4.1(a). Recall from Remark 3.7(a) that U is ta-
regular. Let p5 2
2b. For n 2 N[ f1g, let T
ðnÞ
p denote the positive C0-
semigroup on Lp associated with tn. Let T
ðnÞ
U ;2 denote the C0-semigroup on L2
associated with the closed sectorial form tn þ U . Since U is ta-regular, it is
T ðnÞp -regular and ðtn þ UÞ $ ðT
ðnÞ
p ÞU , by Corollary 4.4. Thus, ðT
ðnÞ
p ÞU and
T
ðnÞ
U ;2 are consistent.
We are going to show that T
ðnÞ
U ;2 ! T
ð1Þ
U ;2 as n !1. This will imply that
ðT ðnÞp ÞU ! ðT
ð1Þ
p ÞU for all p5
2
2b since T
ðnÞ
U ;2 is L1- and Lq-contractive. Then
the assertion follows from Proposition 2.4.
Without restriction U51. Let h :¼ ta þ U þ V . It is straightforward that,
for all n 2 N[ f1g, we have 1
2
h4tn þU42h. Moreover, for all u; v 2 DðhÞ,
jðt1  tnÞðu; vÞj2 ¼ jhru; ðbn  b1Þvij2
4 hU1ðbn  b1Þ
>a1s ðbn  b1ÞðruÞ* aruihU jvj
2i:
SOBOL AND VOGT42Therefore,
sup
hðvÞ41
jðt1  tnÞðu; vÞj ! 0 ðu 2 DðhÞÞ
and hence T
ðnÞ
U ;2 ! T
ð1Þ
U ;2 , by Lemma 4.7. This completes the proof. ]
Example 4.8. Here we give several examples of applications of
Corollary 4.5 to the case b2 ¼ 0, V ¼ 0.
(i) Assume W14b
2Re ta þ B for some 05b52, B50, in the sense of
quadratic forms on L2. Then, by Euclid’s inequality,
jhb1ru; uij4
1
2b
jjW 1=21 ujj
2
2 þ
b
2
jja1=2s rujj
2
24bRe taðuÞ þ
B
2b
jjujj22:
Hence, by Corollary 4.5, t is associated with a family of consistent
positive quasi-contractive C0-semigroups Tp on Lp with growth bound less
or equal B
pb, for all p5
2
2b. If b51 then t sectorial and closed. In this case [6,
Theorem 1], with use of [4, Theorem VI.2.1], associates t with a family of
consistent analytic quasi-contractive C0-semigroups on Lp, p52, which
coincide with Tp.
In [6, Theorem 6], under the additional condition that
W1 2 L1 þ L1, t was associated with a family of consistent C0-semigroups
on the same interval of the Lp-scale, by approximation of b by bounded
vector ﬁelds in such a way that the corresponding semigroups converge in
Lp. Proposition 4.6 shows that the limiting semigroup does not depend on
the choice of the approximating sequence. This answers a question posed by
Liskevich in a remark [6, Theorem 6]. Moreover, it follows from Proposition
4.6 that the semigroup constructed in [6] coincides with the one constructed
in Theorem 4.2.
(ii) Let N52, O ¼ RN , aðxÞ ¼ id, DðtaÞ ¼ H1, Let ðejÞ
N
j¼1 be the
canonical orthonormal basis in RN , ðxnÞ
1
n¼1 ¼ Q
N , ðcnÞ
1
n¼1  ð0;1Þ be such
that the potential UðxÞ ¼
P
n c
2
njx xnj
n is ta-regular (see [15] for details of
the construction). Let ðbnÞn2N  R=f0g be such that
jbj2 :¼
X
n
b2n51:
Let b1 :¼
P1
n¼1 b1n, where
b1nðxÞ ¼ cnjx xnj
n=2bn
@jx xnj
@x1
e2 
@jx xnj
@x2
e1
 
:
We show that hb1nru; ui ¼ 0 for all n 2 N, u 2 H1 \ Qðjb1nj2Þ. For
u 2 C1c ðR
N =fxngÞ, the equality follows by integration by parts. For general
Lp-THEORY OF C0-SEMIGROUPS, I 43u 2 H1 \ Qðjb1nj2Þ, it then follows from the fact that C1c ðR
N =fxngÞ is dense in
H1 \ Qðjb1nj2Þ and that the form ðu; vÞ/ hb1nru; vi is bounded on
H1 \ Qðjb1nj
2Þ.
The drift b1 is nowhere integrable on R
N . However, by the Cauchy–
Schwarz inequality,
jb1jðxÞ4
X1
n¼1
jb1njðxÞ4
X1
n¼1
cnjx xnj
n=2  2jbnj42jbjU
1=2ðxÞ:
Hence W1 ¼ jb1j2 is ta-regular and hb1ru; ui ¼ 0 for all u 2 H1 \ QðUÞ.
Thus, t is associated with a consistent family of positive contractive C0-
semigroups Tp on Lp, p51.
(iii) Let N52, O ¼ RN , aðxÞ ¼ id, DðtaÞ ¼ H1. Let b1ðxÞ ¼ cxjxja for
some c; a 2 R. Then jb1j2 is ta-regular. Moreover,
hb1ru; ui ¼
c
2
ðN þ aÞhrau2i ð04u 2 C1c ðR
N =0ÞÞ:
Hence, if cðN þ aÞ40 then t is associated with a consistent family of
positive contractive C0-semigroups on Lp, p51. If N53 we can use the
Hardy inequality jju
r
jj224
4
ðN2Þ2
jjrujj22 to treat the case cðN þ aÞ > 0 with
24a40. For a ¼ 2, t is associated with a quasi-contractive C0-
semigroup on some Lp if (and only if, see Remark 6.5) c5N  2, and then
t is associated with a consistent family of positive contractive C0-semigroups
on Lp; p5 N2N2c. For a 2 ð2; 0, we use the fact that r
a4er2 þ Ca;e for all
r; e > 0 with some constant Ca;e to conclude that in this case t is associated
with a consistent family of positive quasi-contractive C0-semigroups on
Lp; p > 1. If a ¼ 0 then the semigroup extrapolates also to L1.
5. PROOF OF THE MAIN THEOREM
We separate the core of the proof of Theorem 4.2 into a lemma. Let
p 2 ð1;1Þ: For u 2 L1;loc, n 2 N let un;p :¼ ðjuj
p=21Þ ^ n, vn;p :¼ uun;p,
wn;p :¼ uu2n;p, vpðuÞ :¼ ujuj
p=21 and wpðuÞ :¼ ujuj
p2.
Lemma 5.1. Let t be a densely defined sesquilinear form in L2 fulfilling the
first Beurling–Deny criterion. Let h be a closed symmetric form in L2; h5
o for some o 2 R. Assume that there exists a sequence ðUnÞn2N0 of positive
potentials such that DðU0Þ  DðtÞ, tþU0 is sectorial and closed,
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wn;p 2 DðtÞ; vn;p 2 DðhÞ; Re tðu; wn;pÞ5hðvn;pÞ  hUnjvn;pj2i ð5:1Þ
for all u 2 DðtÞ, n 2 N.
(a) Then t is associated with a positive C0-semigroup TpðtÞ ¼ eApt on Lp
with jjTpðtÞjj4eot ðt50Þ, and for all u 2 DðApÞ we have vpðuÞ 2 DðhÞ and
RehApu; wpðuÞi5hðvpðuÞÞ: ð5:2Þ
(b) If, in addition,
jIm tðu; wn;pÞj4MðRe tþ Un þ *oÞðu; wn;pÞ ðu 2 DðtÞ; n 2 NÞ ð5:3Þ
for some M50, *o 2 R, then Ap is m-sectorial of angle arctan M. In
particular, Tp is an analytic semigroup.
Proof. (a) Without restriction assume o ¼ 0. The proof is divided
into three steps. In step (i) we consider the m-sectorial operator
A0 in L2, associated with tþU0, and show that eA0t extrapolates
to a contractive C0-semigroup T0;pðtÞ ¼ eA0;pt on Lp. In step (ii) we
show that U0 is T0;p-admissible and ðT0;pÞU0 is contractive C0-semigroup.
This proves the ﬁrst assertion of (a). The second assertion is proved in
step (iii).
(i) By the exponential formula, it sufﬁces to show that, given f 2
L2 \ Lp and 05l 2 rðA0Þ, one has jjðlþ A0Þ
1f jjp4
1
ljjf jjp. Let
u :¼ ðlþ A0Þ
1f . Then u 2 DðtþU0Þ ¼ DðtÞ. This implies that
vn;p 2 QðU0Þ. By assumption (5.1) and the equality u %wn;p ¼ jvn;pj2 we have,
for all n 2 N,
ljjvn;pjj22 þ ðhþ U0 UnÞðvn;pÞ4lhu; wn;pi þReðtþ U0Þðu; wn;pÞ
¼Rehðlþ A0Þu; wn;pi4jjf jjpjjwn;pjjp0 : ð5:4Þ
Observe that jwn;pjp
0
¼ jujp
0
u2p
0
n;p4jvn;pj
2. Hence jjwn;pjjp04jjvn;pjj
2=p0
2 , and from
estimate (5.4) we obtain that
jjvn;pjj
2=p
2 4
1
l
jjf jjp ðn 2 NÞ:
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and
jjðlþ A0Þ
1f jjp ¼ jjvpðuÞjj
2=p
2 4
1
l
jjf jjp:
(ii) With the quantities introduced in (i) we proceed as follows. By
Lebesgue’s dominated convergence theorem, vn;p ! vpðuÞ in L2 and wn;p !
wpðuÞ in Lp0 . Further, A0u ¼ f  lu 2 Lp. From estimate (5.4) we obtain
lim inf
n!1
ðhðvn;pÞ þ hðU0  UnÞjvn;pj2iÞ
4 lim
n!1
RehA0u; wn;pi ¼ RehA0u; wpðuÞi:
By the Beppo Levi theorem, ðU0  UnÞjvn;pj
2 " U0jvpðuÞj
2 in L1. Hence the
left-hand side of the previous inequality equals lim infn hðvn;pÞþ
hU0jvpðuÞj
2i. The lower semicontinuity of h implies that
vpðuÞ 2 DðhÞ; ðhþ U0ÞðvpðuÞÞ4RehA0u; wpðuÞi: ð5:5Þ
So far we have proved inequality (5.5) for all u from the core D :¼
ðlþ A0Þ
1ðL2 \ LpÞ of A0;p, where l > 0 is some element of rðA0Þ.
Let now u 2 DðA0;pÞ. Choose ðuðmÞÞ  D such that uðmÞ ! u in DðA0;pÞ.
Then vpðuðmÞÞ ! vpðuÞ in L2 and wpðuðmÞÞ ! wpðuÞ in Lp0 . From (5.5) we
conclude that
lim inf
m!1
ðhþ U0ÞðvpðuðmÞÞÞ
4 lim
m!1
RehA0;puðmÞ; wpðuðmÞÞi ¼ RehA0;pu; wpðuÞi:
The lower semicontinuity of hþ U0 implies that (5.5) holds for all
u 2 DðA0;pÞ.
For m 2 N, let Am :¼ A0;p  U0 ^ m. Then Am is a closed operator
and by (5.5), RehAmu; wpðuÞi50 for all u 2 DðAmÞ ¼ DðA0;pÞ. By the
Lumer–Phillips, theorem, eAmt ¼ ðT0;pÞU0^mðtÞ is a contractive C0-
semigroup on Lp and, by Voigt [18, Proposition 2.2] (see Deﬁnition
2.1(b)), we conclude that U0 is T0;p-admissible and that Tp :¼ ðT0;pÞU0 is a
contractive C0-semigroup on Lp.
(iii) Let Ap be the generator of Tp. By (ii), Am ! Ap in the strong
resolvent sense. Let u 2 DðApÞ. Then uðmÞ :¼ ð1þ AmÞ
1ð1þ ApÞu ! u in Lp
as m !1. Since
uðmÞ þ AmuðmÞ ¼ u þ Apu;
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ðmÞ ! Apu in Lp. Furthermore, vpðuðmÞÞ ! vpðuÞ in L2 and
wpðuðmÞÞ ! wpðuÞ in Lp0 as m !1. Hence, estimate (5.5) yields
lim inf
m
hðvpðuðmÞÞÞ4limhAmuðmÞ; wpðuðmÞÞi ¼ hApu; wpðuÞi:
The lower semicontinuity of h implies (5.2).
(b) Let u 2 DðA0Þ \ DðA0;pÞ. Then, since u %wn;p is real,
ImhAmu; wn;pi ¼ ImhðA0 U0 ^ mÞu; wn;pi ¼ Im tðu; wn;pÞ:
By (5.5) we know that Unju %wn;pj4U0jvpðuÞj2 2 L1. Thus, hUnu; wn;pi ! 0 by
Lebesgue’s dominated convergence theorem. By (5.3) we conclude that
jImhAmu; wpðuÞij ¼ lim
n!1
jIm tðu; wn;pÞj
4 lim
n!1
MðRe tþ ðU0 mÞ
þ þUn þ *oÞðu; wn;pÞ
¼M RehðAm þ *oÞu; wpðuÞi:
This estimate carries over to all u 2 DðAmÞ since DðA0Þ \ DðA0;pÞ is a core for
Am. Let now u 2 DðApÞ and uðmÞ be as in the beginning of step (iii). Then
jImhApu; wpðuÞij ¼ lim
m
jImhAmuðmÞ; wpðuðmÞÞij
4 lim
m
M RehðAm þ *oÞuðmÞ; wpðuðmÞÞi
¼M RehðAp þ *oÞu; wpðuÞi;
which shows the m-sectoriality of Ap with angle arctan M. ]
For the application of Lemma 5.1 in the proof of Theorem 4.2 we need to
compute the gradient of vn;p and wn;p.
Lemma 5.2. For a 2 R, r > 0, z 2 C, denote za;r :¼ jzja^ r if a=0 and
z0;r :¼ 1^ r. Let j :C! C, jðzÞ ¼ zza;r. Then, for all (complex valued)
u 2 W 11;loc, v ¼ j 8 u 2 W
1
1;loc and
ru ¼ ua;rðru þ a1fjuja5rg sgn urjujÞ:
Proof. It is easy to see that j is a Lipschitz continuous function. So
v ¼ j 8 u is in W
1
1;loc. If a =2 ð0; 1Þ then the function ½0;1Þ ] t/ t
a^ r is
Lipschitz continuous too, hence ua;r 2 W 11;loc, rua;r ¼ a1fjuja5rgjuj
a1rjuj and
the second statement of the lemma follows from the general product rule.
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a^ r and approximate j
with the functions jd;jdðzÞ :¼ zzd;a;r. The function ½0;1Þ ] t/ ðt þ dÞ
a^ r
is Lipschitz continuous and
rud;a;r ¼ a1fðjujþdÞa5rgðjuj þ dÞ
a1rjuj:
So, by the general product rule,
rðjd 8 uÞ ¼ ud;a;r ru þ a
u
juj þ d
1fðjujþdÞa5rgrjuj
 
:
Finally, jd 8 u ! j 8 u and rðjd 8 uÞ ! ua;rðru þ a1fjuja5rgsgn urjujÞ in L1;loc
by Lebesgue’s dominated convergence theorem, which implies the
assertion. ]
Proof of Theorem 4.2. Let p 2 I , i.e., tp5 op. Let U0 :¼ W1þ
W2 þ 2V.
By Proposition 4.1(a), tþ U0 is a closed sectorial form.
First we study the case p > 1. Let u 2 DðtÞ. Then vn;p; wn;p 2 DðtÞ as
multiples of normal contractions of u. At the end of the proof we will show
that
Re tðu; wn;pÞ5tpðvn;pÞ  12h1nðW1 þW2Þjvn;pj
2i; ð5:6Þ
where 1n is the indicator of the set fx; jujðp2Þ=25ng. Applying Lemma 5.1(a)
with h ¼ tp and Un ¼ 12 1nðW1 þW2Þ ðn 2 NÞ, we obtain all the assertions of
Theorem 4.2 except for the analyticity of Tp.
Let now assumption (4.3) hold for some p 2 I˚. Then it holds for all p 2 I˚,
by Proposition 4.1(c). To prove the analyticity of Tp, we need the inequality
jIm tðu; wn;pÞj4 jIm taðvn;pÞj þ
1
p

1
p0

Re taðvn;pÞ
þ jImhðb1 þ b2Þvn;p;rvn;pij; ð5:7Þ
which is also shown at the end of the proof. The ﬁrst term in the right-hand
side of (5.7) can be estimated by aRe taðvn;pÞ, due to assumption (a). Thus,
by (4.3) we obtain that
jIm tðu; wn;pÞj4 aþ
1
p

1
p0


 
Re taðvn;pÞ þ c1tpðvn;pÞ þ c2jjvn;pjj2:
By Proposition 4.1(b) we have Re taðvn;pÞ4Cðtp þ *o1Þðvn;pÞ for some *o1 2 R,
C > 0 depending on p. Moreover, tpðvn;pÞ4ðRe tþ UnÞðu; wn;pÞ by (5.6). We
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jIm tðu; wn;pÞj4 C aþ
1
p

1
p0


 
þ c1
 	
ðRe tþ Un þ *o2Þðu; wn;pÞ
for some *o2 2 R, so Lemma 5.1(b) implies that Ap is an m-sectorial operator.
The proof for the case p ¼ 1 is based on the assertions of the theorem in
the case p > 1. Let U0 be as above. Then *t :¼ tþU0 is a closed sectorial
form in L2. Let T0 be the associated analytic semigroup on L2. Let 15p51
and *tp :¼ tp þ U0. For all 04u 2 Dð*tÞ ¼ DðtÞ we have
*tpðuÞ ¼
4
pp0
taðuÞ 
2
p0
hu; b2rui þ
1
p
ð2hb1ru; ui þ hVu2iÞ
þ
1
p0
V þ U0
 
u2

 
:
We apply Euclid’s inequality to the second term, and the estimate
t1ðuÞ ¼ 2hb1ru; ui þ hVu2i5 o1jjujj22
to the third term in the right-hand side, to obtain
*tpðuÞ5
4
pp0
taðuÞ 
2
p0
1
2
taðuÞ þ
1
2
hW2u2i
 

o1
p
jjujj22
þ U0 
1
p0
V
 
u2

 
¼
1
p0
4
p
 1
 
taðuÞ 
o1
p
jjujj22 þ U0 
1
p0
ðV þW2Þ
 
u2

 
:
For 15p44, Theorem 4.2 applied to *t implies: T0 extrapolates to a C0-
semigroup T0;p on Lp, and for the generator A0;p of T0;p we have
hA0;pu; up1i5 U0 
1
p0
ðV þ W2Þ
 
up

 

o1
p
jjujjpp ð04u 2 DðA0;pÞÞ:
ð5:8Þ
In particular, jjT0;pðtÞjjp!p4e
ðo1=pÞt for all t50, 15p44. Since T0 is a
positive C0-semigroup, [19] implies that T0 extrapolates to a C0-semigroup
T0;1 on L1.
Let now Un;m :¼ ðU0  1mðV
 þ W2ÞÞ ^ n for n; m 2 N. It follows from
(5.8) that
jjðT0;pÞUn;m ðtÞjjp!p4e
ðo1=pÞt ðt50Þ
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m1 (i.e.,
1
p0
41
m
Þ. Since ðT0;pÞUn;m and
ðT0;1ÞUn;m are consistent by Lemma 2.3(b), we obtain jjðT0;1ÞUn;mðtÞjj1!14
eo1t for all t50, n 2 N, m52. Since Un;m " U0 ^ n as m !1, we have
ðT0;1ÞUn;m ! ðT0;1ÞU0^n for all n 2 N, by Voigt [17, Proposition A.2]. Hence
sup
n2N
jjðT0;1ÞU0^nðtÞjj1!14e
o1t ðt50Þ:
Finally, [18, Proposition 2.2] implies that U0 is T0;1-admissible, and we
obtain t$ ðT0;1ÞU0 ¼: T1, with jjT1ðtÞjj1!14e
o1t for all t50.
To complete the proof it remains to show inequalities (5.6) and (5.7). Let
1cn :¼ 1 1n, i.e., the indicator of the set fx; juj
ðp2Þ=25ng. We write un ¼ un;p,
vn ¼ vn;p ð¼ uðjujðp2Þ=2 ^ nÞÞ and wn ¼ wn;p ð¼ uðjujp2 ^ n2ÞÞ for short.
Lemma 5.2 implies that
rvn ¼ un ru þ
p  2
2
1cn sgn urjuj
 
¼ sgn u un sgn %uru þ
p  2
2
1cnunrjuj
 
:
Let jn :¼ un Reðsgn %uruÞ ¼ unrjuj and cn :¼ un Imðsgn %uruÞ. Then we have
sgn %urvn ¼ jn þ icn þ
p  2
2
1cnjn ¼
p
2
1cn þ 1n
 
jn þ icn:
In the same way, with rn ¼ ðp  1Þ1
c
n þ 1n, we have
r %wn ¼ u2nðr %u þ ðp  2Þ1
c
nsgn %urjujÞ ¼ un sgn %uðrnjn  icnÞ:
Now we compute the different terms occurring in tðu; wnÞ and tpðvnÞ
separately.
aru  r %wn ¼ aðun sgn %uruÞ  ðrnjn  icnÞ ¼ aðjn þ icnÞðrnjn  icnÞ;
arvn  r %vn ¼ aðsgn %urvnÞ  ðsgn ur %vnÞ
¼
p2
4
1cn þ 1n
 
asjn  jn þ ascn  cn
þ iða  asÞcn  ðp1
c
n þ 21nÞjn: ð5:9Þ
Therefore Re aru  r %wn ¼ ððp  1Þ1cn þ 1nÞasjn  jn þ ascn  cn. Note that
4
pp0
p2
4
¼ p  1. Hence, we obtain
Re taðu; wnÞ ¼
4
pp0
Re taðvnÞ þ 1
4
pp0
 
h1nasjn  jn þ ascn  cni:
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%vnrvn ¼ jvnj
p
2
1cn þ 1n
 
jn þ icn
 
;
%wnru ¼ jvnjun sgn %uru ¼ jvnjðjn þ icnÞ;
ur %wn ¼ jvjnðrnjn  icnÞ: ð5:10Þ
Thus, Re %vnrvn ¼ jvnjð
p
2
1cn þ 1nÞjn. We obtain that
Re %wnru ¼ jvnj n ¼
2
p
Reð%vnrvnÞ þ 1
2
p
 
1njvnj n
and, since 2
p0
p
2
¼ p  1,
Re ur %wn ¼ ððp  1Þ1cn þ 1nÞjvnj n ¼
2
p0
Reð%vnrvnÞ þ 1
2
p0
 
1njvnj n:
Let now ep :¼ 1p0 
1
p
¼ 1 2
p
¼ ð1 2
p0
Þ. Then e2p ¼ 1
4
pp0
. We get
Re tðu; wnÞ ¼Re taðu; wnÞ þRehru; b1wni Rehb2u;rwni þ hVu; wni
¼ tpðvnÞ þ e2ph1nasjn  jn þ ascn  cni þ eph1nðb1 þ b2Þjvnj  jni:
This implies (5.6) since ep1njðb1 þ b2Þvn  jnj4e
2
p1nasjn  jn+
1
21nðW1þ
W2Þjvnj
2, by Euclid’s inequality.
To prove (5.7), we ﬁrst compute Im taðu; wnÞ.
Imðaru  r %wnÞ ¼ ððp  1Þ1cn þ 1nÞacn  jn  ajn  cn
¼ðp  2Þ1cnascn  jn þ ðp1
c
n þ 21nÞða  asÞcn  jn:
The second term in the right-hand side equals Imðarvn  r %vnÞ, by (5.9). The
ﬁrst term we estimate, using Euclid’s inequality and (5.9), as follows:
jðp  2Þ1cnascn  jnj4 jp  2j1
c
n
p
4
asjn  jn þ
1
p
ascn  cn
 
¼ 1
2
p

1cn p24 asjn  jn þ ascn  cn
 
4
1
p

1
p0

Reðarvn  rvnÞ:
For the ﬁrst-order terms we have, by (5.10),
Imðhru; b1wni hb2u;rwniÞ ¼ hðb1 þ b2Þjvnj;cni ¼Imhðb1 þ b2Þvn;rvni:
Thus, inequality (5.7) follows. ]
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In this section, we show that, under some conditions additional to (a) and
(bV), if t$ Tp on Lp for some p 2 ð1;1Þ, with jjTpðtÞjj4eopt for some
op 2 R, then estimate (1.3) holds.
Lemma 6.1. Let 15p51, Tp a positive contractive C0-semigroup on Lp.
Let U50 be a Tp-admissible potential, AU the generator of ðTpÞU . Then
RehAU u; ujujp2i5hU jujpi ðu 2 DðAU ÞÞ:
Proof. Let A be the generator of Tp. For m 2 N let Um ¼ U ^ m. Let
u 2 DðAU Þ and um :¼ ð1þ Aþ UmÞ
1ð1þ AU Þu. Since A is accretive, we
have
Rehð1þ AU Þu; umjumjp2i ¼Rehð1þ A þUmÞum; umjumjp2i
5 hð1þUmÞjumjpi:
Since um ! u in Lp and Um " U , we complete the proof by an application of
Fatou’s lemma. ]
The following theorem is the main part of our sharpness result.
Theorem 6.2. Let (a), (bV) hold and assume that t$ Tp on Lp for some
p52, with jjTpðtÞjj4eopt ðt50Þ for some op 2 R. If there exists a ta-regular
potential U50 such that jjðTpÞU ðtÞjj1!14C for all t50 then estimate (1.3)
holds.
If hru; b2ui4ojjujj22 ðu 2 DðtÞÞ and U5V
 þ o, then jjðTpÞU ðtÞjj1!141
for all t50, by Remark 4.3(b) and Proposition 3.11.
The proof of Theorem 6.2 is based on the following lemma.
Lemma 6.3. Let ðM ;mÞ be a measure space, h a Dirichlet form in L2ðmÞ
and r51.
(a) Then D1 :¼ f04u 2 DðhÞ \ L1ðmÞ; u1=r 2 DðhÞg is dense in DðhÞþ,
the set of positive elements of DðhÞ.
(b) Let h1 be a densely defined closed sectorial form in L2ðmÞ fulfilling the
first Beurling–Deny criterion, A the m-sectorial operator associated with h1.
Assume that Dðh1Þ ¼ DðhÞ and jje
Atjj1!14C ð04t41Þ for some C > 0.
Then D2 :¼ fur; 04u 2 DðAÞ \ L1ðmÞ; Au 2 L1ðmÞg is dense in DðhÞþ.
Proof. (a) For n 2 N deﬁne jn : ½0;1Þ ! ½0; n by jnðsÞ :¼ s ^ ðns
rÞ ^ n.
It is easy to show that the functions jn are Lipschitz continuous with
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n !1. For u 2 DðhÞþ we conclude that jnðuÞ 2 D1, and from [1,
Proposition 11] we deduce that jnðuÞ ! u in DðhÞ as n !1.
(b) By (a), it remains to show that D2 is dense in D1. Let u 2 D1 and
v :¼ u1=r. Then v 2 DðhÞ \ L1ðmÞ. By Ma and Ro¨ckner [9, Theorem
I.2.13(ii)] we have vl :¼ lðlþ AÞ
1v ! v in Dðh1Þ and thus in DðhÞ as
l!1. The assumption on A implies that vl 2 DðAÞ \ L1 and jjvljj1
42Cjjvjj1 for large l. Moreover, we have Avl ¼ lðv  vlÞ 2 L1. Therefore,
vrl 2 D2 and, by Ancona [1, The´oreme 10], v
r
l ! v
r ¼ u in DðhÞ as l!1. ]
Proof of Theorem 6.2. Without restriction assume U5U0 :¼ W1 þ W2
þ2jV j (see Lemma 3.13). We have to prove tp5 op on
DðtpÞ ¼ Dðta þU0Þ. Notice that tp is a bounded form on Dðta þ U0Þ. Since
U is ðta þU0Þ-regular, by Lemma 3.13, it therefore sufﬁces to show
tpðuÞ5 opjjujj22 for all u 2 Dðta þ UÞ. Since tp fulﬁlls the ﬁrst Beurling–
Deny criterion we can restrict ourselves to u50.
By Proposition 4.1(a), tþU is a closed sectorial form in L2. Let AU be
the m-sectorial operator in L2 associated with tþU . Then the assumptions
of Lemma 6.3(b) are fulﬁlled with h ¼ ta þ U , h1 ¼ tþU , A ¼ AU since
eAU t and ðTpÞU are consistent by Corollary 4.4. Below we show that
tpðup=2Þ5 opjjup=2jj22 ð6:1Þ
for all 04u 2 DðAU Þ \ L1 with AU u 2 L1. Then, an application of Lemma
6.3(b) shows that tpðuÞ5 opjjujj22 for all 04u 2 Dðta þ UÞ, and the proof is
complete.
So, let 04u 2 DðAU Þ \ L1 with AU u 2 L1. Then u 2 Dðta þ UÞ \ L1
and hence ur 2 Dðta þUÞ \ L1, rur ¼ rur1ru for all r51. From this we
easily obtain tðu; up1Þ ¼ tpðup=2Þ (cf. the computation in p. 3) and thus, by
the deﬁnition of AU ; ðtp þUÞðup=2Þ ¼ hAU u; up1i.
Since eAU t and eAp;U t :¼ ðTpÞU are consistent and u; AU u 2 L2\
L1  Lp, we obtain u 2 DðAp;U Þ and Ap;U u ¼ AU u. By Lemma 6.1 we infer
that
ðtp þ UÞðup=2Þ ¼ hAp;U u; up1i5hðU  opÞupi;
i.e., (6.1) holds. ]
By Proposition 3.12 we easily obtain the following corollary.
Corollary 6.4. Let (a), (bV) hold and assume that, for some ta-regular
potential U50, the form tþ U is sectorial and closable and the associated
semigroup TU satisfies jjTU ðtÞjj1!14C; jjTU ðtÞjj1!14C ðt50Þ. If t$ Tp
Lp-THEORY OF C0-SEMIGROUPS, I 53on Lp for some p 2 ð1;1Þ, with jjTpðtÞjj4eopt ðt50Þ for some op 2 R, then
estimate (1.3) holds.
Remark 6.5. The previous result is, in particular, applicable in the case
of weakly differentiable b1 and b2. For j ¼ 1; 2, we assume that bj is of ta-
regular divergence, i.e., there exists a measurable function div bj such that
jdiv bj j is ta-regular and
2hbju;rui ¼ hðdiv bjÞu2i ð04u 2 DðtÞ \ Qðjdiv bj jÞÞ:
Let U :¼ V þ jdiv b1j þ jdiv b2j. Then
ðt1 þ UÞðuÞ ¼ hðdiv b1 þ V þ UÞu2i50;
ðt1 þUÞðuÞ ¼ hðdiv b2 þ V þ UÞu2i50
for all 04u 2 DðtþUÞ, so ðTpÞU is L1- and L1-contractive.
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